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a b s t r a c t
Network embedding has been successfully used for a variety of tasks, e.g., node clustering,
community detection, link prediction and evolution analysis on complex networks. For a
given network, embedding methods are usually designed based on first-order proximity,
second-order proximity, community constraints, etc. However, they are incapable of capturing the structural similarity of nodes. The bridge nodes with small proximity and
located in different communities, should be similar in embedding space since they have
the same surrounding structure. In this paper, these structural features are referred to as
lower-order information, which could reveal and modify the structural similarity of nodes
in the embedding space. Specifically, we propose to construct the feature matrix with the
lower-order information of the network. In order to effectively fuse the structural features
of nodes into embedding space, an intuitive, interpretable and feasible method named
LONE-NMF is proposed, which adopts the representation learning framework based on
non-negative matrix factorization. It can effectively learn the representation vectors of
nodes in the network via preserving the proximity and lower-order information.
Moreover, an optimization algorithm is designed for LONE-NMF. Extensive experiments
based on clustering and link prediction show that the proposed method achieves significant performance improvement comparing with some baselines. Finally, we validate the
principle and advantage of LONE-NMF through a case study.
Ó 2021 Elsevier Inc. All rights reserved.

1. Introduction
Complex network analysis has been attracting increasing attention and applied to many real-world scenarios, e.g., social
networks, citation networks, biological networks and protein interaction networks [1–4]. Network embedding is an important representation technology rising in complex networks, which aims to learn the low-dimensional representation of
nodes in the network while preserving its internal structures and characteristics [5]. Benefited from this, various network
analysis tasks such as node classification [6,7], node clustering [8], node visualization [9] and link prediction [10,11] can
be well supported intuitively in the low-dimensional embedding space based on the off-the-shelf machine learning methods.
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At present, most researchers are committed to preserving the neighborhood structural information (first-order), secondorder even higher-order proximity and community constraint into embedding space to learn the representations of nodes,
and a number of methods have been reported. For example, DeepWalk [5] based on random walk preserves the neighborhood structural information into network embedding. LINE [12] integrates the first-order and second-order proximity
between nodes into the embedding learning phase. To preserve more structural information, some methods have been proposed to capture higher-order proximity of nodes [13,14]. In addition, some studies utilize community structural information to enhance the node embedding. Wang et al. [8] proposed a Modularized Non-negative Matrix Factorization (M-NMF)
framework that incorporates community structure and pairwise node proximity into a low-dimensional vector space. However, to guarantee the effectiveness, for these community-based methods, the number of communities K should be specified
in advance, while in most real-world networks, K is usually unavailable or difficult to indicate. Furthermore, for networks
with weak community structure (intra-community edges nearly close to inter-community edges), it may result in an over
smoothing problem, i.e., the representations of nodes in the network are too similar to distinguish.
Although these methods have achieved good performance on different network tasks, they often ignore the interaction
between the nodes and their surrounding nodes (structural similarity), i.e., the connection pattern between a node and its
neighbors. It is usually denoted as structural similarity which represents structural patterns such as star-centers, star-edge,
near-cliques or bridge nodes acting as bridges of different subgraphs, and these patterns can reflect the identity or ‘‘behavior”
of nodes [15]. Two nodes belonging to the same structural category need not be connected by an edge. In fact, nodes in the same
community may have different structural functions, however, the nodes in different communities may have the same structural
similarity. Herein, we define these structure features as the lower-order information of the network. More recently, a number of
studies [15–17] have reported that this lower-order information can enhance the process of role detection which is different
from the notion of communities. Therefore, it is necessary to preserve the lower-order information for learning network embeddings comprehensively. One of the main obstacles we face is how to effectively fuse the proximity and lower-order information
into embedding space so as to learn more informative and discriminative representations for each node.
In this paper, we propose a Lower-Order information preserved Network Embedding method based on Non-negative
Matrix Factorization (LONE-NMF). Considering the interpretability and additivity of Non-negative Matrix Factorization
(NMF) [18], whose matrices have no negative elements for dimension reduction and clustering, NMF can effectively map
the multiple information into a low-dimensional space while maintaining the intrinsic correlation between data. LONENMF integrates structural similarity into NMF to preserve both the lower-order information and proximity. Firstly, we incorporate local structure features and neighbor structure features of nodes recursively to obtain the structure feature matrix,
which can indicate the lower-order information of networks. Afterwards, considering that the matrix decomposition of
the adjacency matrix can capture the local information of nodes (e.g., the connection closeness [19]), we design a unified
loss function elaborately under the NMF by fusing the structure feature matrix and adjacency matrix. Finally, we adopt
an iterative multiplicative updating algorithm to optimize the loss function to learn the comprehensive embeddings of nodes
in networks. Extensive experiments on various real networks demonstrate the advantages of the proposed model over the
state-of-the-art embedding methods. Additionally, we analyze some sub-networks and conduct a case study, which can
effectively reveal the principles and advantages of our method.
In summary, our main contributions are listed as follows:
 We propose LONE-NMF, an efficient and scalable algorithm for network embedding, which enhances the effect of structural similarity constraints in embedding space to break through the above-mentioned limitations.
 We incorporate both the proximity and lower-order information into NMF framework. To capture the lower-order information, we recursively combine the local structural features and neighborhood structural features of nodes in the network to construct a structure feature matrix.
 In order to effectively evaluate the proposed model, we conduct extensive experiments, including multi-label classification, clustering and link prediction on several real-world datasets. The results show that our method achieves superior
performance than baseline methods.
The rest of this paper is organized as follows. In Section 2, we introduce related works. Section 3 presents the proposed
framework LONE-NMF in detail. In Section 4, we provide the experimental results and analysis to evaluate our method.
Finally, this paper is concluded in Section 5.
2. Related work
In this section, we give a simple description of the network embedding and the non-negative matrix factorization, which
helps to understand our model.
2.1. Network embedding
Network embedding, as an effective and efficient way of network representation, has recently become a very active area
and a number of methods have been proposed. As mentioned above, random walk, matrix factorization and deep learning
have been widely used in network representation learning [20].
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Motivated by word2vec [21], the models based on random walk capture the neighborhood information by generating
random paths for nodes and learn representation by treating random paths as sentences. For example, DeepWalk [5] generates random walk sequences for each node of the network and regards the node sequences as sentences in word2vec. Then,
these sequences are fed into Skip-Gram [21], which is a classical language model of natural language processing, to learn the
network representation. Nevertheless, DeepWalk is not expressive enough to capture the diversity of connectivity patterns
in a network. To overcome this limitation, node2vec [22] modifies the strategy of random walk by defining two parameters
to balance Depth-First Sampling (DFS) and Breadth-First Sampling (BFS), accordingly it can capture more comprehensive
neighborhoods information of nodes. Tang et al. [12] proposed LINE for large-scale network embedding, which integrates
first-order proximity and second-order proximity to learn the representation of nodes. The first-order proximity is learned
from directly connected nodes and the second-order proximity is learned from the shared neighborhood structures of the
nodes. Nevertheless, LINE studies the local and global information of the network separately, and finally simply connects
the two representation vectors. Moreover, to capture more internal characteristics, a series of models that preserve highorder proximity are proposed [14,23].
In order to increase nonlinear expression ability and address the sub-optimal network embedding problem, SDNE [13]
optimizes the first-order and second-order proximity jointly by a semi-supervised neural network model. The unsupervised
part reconstructs the second-order proximity to maintain the global network structure, and the supervised part utilizes the
first-order proximity as the monitoring information to preserve the local structure of the network. Furthermore, DVNE [24]
integrates a deep variational model and maps the original data to the Wasserstein space to learn the latent representations of
nodes. DVNE preserves the first-order and second-order proximity as well as the uncertainties of the nodes, which is beneficial to real-world networks with full uncertainty.
As an effective dimension reduction method, matrix factorization is also used in network embedding. Singular Value
Decomposition (SVD) is commonly used in the series of matrix factorization models [11,25]. As a variant of the standard
Matrix Factorization (MF), NMF [18] enhances the interpretability and additivity by adding non-negative constraints on
matrices, and is usually used to obtain the embedding of nodes.
A recent study [26] indicated that the skip-gram with negative-sampling was implicitly a word-context matrix factorization. The entries of this matrix represent the Positive Point-wise Mutual Information (PPMI) of the corresponding word and
its context. Specifically, they factorized the PPMI matrix through SVD to obtain the low-dimension representation of words.
Building upon this theoretical foundation, Qiu et al. [27] proved that the models with negative sampling, e.g., DeepWalk,
LINE, node2vec and PTE, were regarded as factorizing the matrix with a closed-form and verified their model outperformed
DeepWalk and LINE for conventional network mining tasks.

2.2. Non-negative matrix factorization
Given a data matrix X ¼ ½x1 ; x2 ; . . . ; xn  2 Rmn
, where n is the number of data point and m is the dimension of data, nonþ
negative

matrix

factorization

(NMF)

aims

to

find

two

non-negative

matrices

U ¼ ½u1 ; u2 ; . . . ; ud  2 Rmd
þ

and

so that their product approximate to the original matrix X : X  UV, where d  minðm; nÞ is the
V ¼ ½v 1 ; v 2 ; . . . ; v n  2
dimension of the latent space or the rank of the underlying data. U is the basis matrix and V is the coefficient matrix. Here,
P
each data point xi can also be written as xi  di ui v ij , where v i represents the basis vectors or the latent feature vectors of X,
which means the observation xi is decomposed into the additive linear combination of the basis vectors.
As a popular low-rank matrix decomposition model, NMF has been applied to various data mining tasks such as community detection, link prediction and network embedding. There have been a number of studies that demonstrate the effectiveness of NMF in community detection [28–31]. In general, the community detection methods based on NMF framework
obtain the community relationships of nodes by factorizing the adjacent matrix of a network into low-rank factor matrices
[32,31]. Other related methods of adding various constraints could refer to [8,33] and so on. In addition to community detection, NMF is widely used in link prediction due to the excellent capacity of describing network properties by matrix factorization [34–38].
For network embedding, recently, Proximity Preserving Non-negative Matrix Factorization (PPNMF) [39] preserves the
first-order proximity and the second-order proximity independently in its loss function. Wang et al. [8] proposed a Modularized Non-negative Matrix Factorization (M-NMF) framework, which simultaneously investigates the community structure
and first-order and second-order similarity in a low-dimensional vector space. In particular, they defined a modularity constraint term for community structure and preserved first-order similarity and second-order similarity by factorizing the pairwise node similarity matrix. To be more effective, higher-order proximity between nodes is taken into account, which is very
crucial to grasp the global characteristics of the network. However, the proximities of different orders are often desired for
distinguishing networks and target applications. Hence, Zhang et al. [40] proposed ARbitrary-Order Proximity preserved
Embedding (AROPE) based SVD framework to shift embedding vectors across arbitrary orders and demonstrate the intrinsic
relationship between them. The aforementioned NMF-based algorithms mainly adopt shallow methods that are not incapable of reflecting the nonlinearity relationship between the original network and embedding space. Ye et al. [41] incorporated an encoder component and decoder component into NMF to capture the hidden characteristic. It is obvious that almost
all of the above network embedding frameworks only consider proximity between nodes or community property, which loss
Rdn
þ ,
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the interaction information of nodes and their neighborhoods. Hence, in this paper, we incorporate the structural similarity
which reveals the interaction between nodes and surroundings into an NMF framework.
3. Methods
In this section, we present our proposed method LONE-NMF in detail. LONE-NMF preserves both the structural similarity
information (connection pattern) and proximity information (connection closeness) as shown in Fig. 1. We first report the
notations used in this paper. Then, we introduce how to extract lower-order information and integrate it with NMF, following the optimization algorithm to learn the low-dimensional representations of nodes.
3.1. Notations
Given an undirected network G ¼ ðV; EÞ with n nodes and e edges, V ¼ ½v 1 ; v 2 ; . . . ; v n  denotes the set of nodes and E
denotes the set of edges among the nodes. G is represented by the adjacency matrix A 2 Rnn ; Aij ¼ 1 if there exists an edge
between node i and node j, otherwise Aij ¼ 0. Since the network G is undirected, A is a symmetric matrix. For each node v, the
set of its neighborhood is denoted as N ðv Þ ¼ fujðv ; uÞ 2 Eg. In addition, egonet is widely used in social network analysis,
which can depict the neighbor information of nodes. The set of nodes in a specific node’s ego network includes the node
(ego) and its neighbours, the set of edges includes any edges in the subgraph on these nodes. The egonet of node v is denoted


b ðv Þ ¼ V
;
E
and Eb
denote the set of nodes and edges in the egonet, respectively,
as G
. Likewise, V b
b
b
G ðv Þ
G ðv Þ
G ðv Þ
G ðv Þ



. Cðv Þ ¼ ffv ; i; jgjðv ; iÞ; ðv ; jÞ; ði; jÞ 2 Eg denotes the set of trianV b ¼ fv g [ N ðv Þand Eb ¼ ðði; jÞjði; jÞ 2 EÞ ^ i; j 2 V b
G ðv Þ

G ðv Þ

G ðv Þ

gles containing node v and jCðv Þj indicates the size, respectively. The matrix S 2 Rnm preserves the structural similarity feature of nodes in the network, where m is the dimension of the feature. The i-th row of S represents the structural feature of
node i. Our purpose is to learn the representations of nodes X 2 Rnd ðd 6 nÞ, where d is the dimension of representations.
The terms and notations are listed in Table 1.
3.2. LONE-NMF
The proposed LONE-NMF is under the NMF framework, and takes lower-order information and proximity into consideration simultaneously. We define the structural similarity features, including local and neighbor structural features, as the
lower-order information. In this section, we first present how to encode the lower-order information, and then integrate
them into a unified model based on NMF.

Fig. 1. The framework of LONE-NMF.
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Table 1
Notations and their definitions.
Notation

Definition

G ¼ ðV; EÞ
A 2 Rnn
S 2 Rnm

The
The
The
The

graph G with node set V and edge set E
adjacency matrix of G
structural feature matrix of nodes
representations of nodes

X 2 Rnd
N ðv Þ ¼ fujðv ; uÞ 2 Eg


b ðv Þ ¼ V
G
b ; Eb

The set of node v’s neighbors
The egonet of node v

Cðv Þ

The set of triangles containing node

G ðv Þ

G ðv Þ

v

Lower-Order Information Encoder. In this paper, we extract the structural features of nodes to capture the lower-order
information. The overall process is shown in Algorithm 1. Specifically, inspired by ReFeX [42], we adopt two types of features,
i.e., local and egonet features of nodes as the initial input. We extract six types of features of nodes in all and summarize
them in Table 2.
We construct the primary structural feature matrix F whose row is a 24-dimensional vector corresponding to the six features, each of which are encoded by a four-dimensional one-hot vector following [42]. Based on F, we aggregate the features



by computing the sum and the mean of node features in each egonet: F ¼ ðAFÞ  D 1 AF , where D is a diagonal matrix
P
whose diagonal elements are the degree of nodes, i.e., Dii ¼ j Aij ; A is the adjacency matrix of graph G and  means the concatenation operator. Then, we continue to aggregate the features recursively (Alg. 1, line 5–9). As the times of the recursion
increases, we can learn the more abundant structural characteristics gradually.
Algorithm 1: Process of extracting structural similarity feature
Input: The network G ¼ ðV; EÞ, the adjacency matrix A, the number of recursions c.
Output: structural similarity feature matrix S.
b ðv Þ for each node v ;
1: Extract the egonet G

2: Compute the f i , i ¼ 1; 2; . . . ; 6 for each node;
3: Construct the initial feature matrix F by converting each feature f i to a one-hot vector with four dimensions;



4: F ¼ ðAFÞ  D 1 AF ;


5: S ¼ F  F
6: for i ¼ 1 to c 1 do:
  



7:
F ¼ A F  D 1A F ;


8:
S¼ SF
9: end for
10: return S.

The Unified Network Embedding Model. In this section, we aim to integrate the above structural similarity feature
matrix S into the NMF framework to guide the learning process of final representation matrix X. In NMF, we introduce a
non-negative basis matrix W 2 Rnr and a non-negative representation matrix H 2 Rrm , where r is the number of structure
types in S and Wi is the relationship between nodes i and structural similarity categories. Then, we make use of these two
matrices to approximate the structural similarity feature matrix S, which gives rise to the following objective function:

min kS

WHk2F ;

s:t:;

W P 0; H P 0;

ð1Þ

Table 2
Features and their definitions.
Feature

Definition

f1
f2

The degree of v
The number of edges in the egonet of

Formulation

f3

The sum of node’s degrees in the egonet of

f4
f5
f6

The estimated ratio of within-egonet edges in the egonet of
The estimated ratio of non-egonet edges in the egonet of v
The clustering coefficient of v

v
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f 2 ¼ jEb j
G ðv Þ
P
f 3 ¼ b jN ðuÞj
G ðv Þ
f 4 ¼ f 2 =f 3
f 5 ¼ 1 f 2 =f 3
f 6 ¼ jCðv Þj=ðf 1 ðf 1
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where k kF is the Frobenius norm of the matrix.
Here, we introduce an auxiliary matrix U 2 Rrd , where d is the dimension of the node embeddings to be learned and each
row of U represents the mapping vector of the structure type i. The matrix W preserves the propensity between nodes and
structure categories, and it can provide effective guidance to correct the embeddings of all nodes. Hence, we expect WU to
reconstruct the embedding matrix X. Together with the objective function (Eq. (1)), the final loss function of our method can
be denoted as:



L ¼ min A

2

XXT  þ akS

X;W;H;U

F

WHk2F þ bkX

WUk2F ;

ð2Þ

X P 0; W P 0; H P 0; U P 0;

s:t:;

ð3Þ

where a and b are positive parameters for adjusting the contribution of the corresponding terms.
Optimization. Since the objective function in (Eq. (2)) is not convex, it is impractical to compute the optimal solution by
derivative. Herein, considering that there are four parameter matrices to optimize (W; H; S; U), we divide our objective function into four subproblems, so that we can compute the local minimum of each problem by Majorization-Minimization
framework [43]. The update strategy we adopted is alternating optimization, i.e., fixing the other three matrices when updating one. The specific formulas are shown as the following.
X-subproblem: Updating X with other fixed parameters W; H and V, which can be expressed as the following suboptimization problem:

2

XXT  þ bkX



minA
X

WUk2F ;

F

s:t:;

X P 0:

ð4Þ

Since X satisfies the non-negative constraint, the Lagrange multiplier matrix H is introduced, resulting in the following
equivalent objective function:


LðXÞ ¼ tr AAT



XXT AT þ XXT XXT þ b tr XXT

AXXT

XUT WT




WUXT þ WUUT WT þ tr HXT :

ð5Þ

Through setting the value of the objective function in (5) to 0, i.e., LðXÞ ¼ 0, we have:

H ¼ 4AX

4XXT X

2bX þ 2bWU:

ð6Þ

Following the Karush–Kuhn–Tucker (KKT) condition for the non-negativity of X, we have the following equation:



4XXT X

4AX


2bX þ 2bWU X ¼ HX ¼ 0:

ð7Þ

Given an initial value of X, the updating rule for X is:



X

X

2AX þ bWU



2XXT X þ bX

;

ð8Þ

where denotes the matrix multiplication.
W-subproblem: Updating W with other parameters X; H and U fixed:

minakS
W

WHk2F þ bkX

WUk2F ;

s:t:;

W P 0:

ð9Þ

Similar to the optimization process of X, we have the following updating rule:

W

W

aSHT þ bXUT
aWHHT þ bWUUT

!

:

ð10Þ

H-subproblem: Updating H with other fixed parameters X; W and U, we need to solve the following problem:

minakS
H

WHk2F ;

s:t:;

H P 0:

ð11Þ

In the same way with X, the updating rule for H is then given as follows:

H

H

WT S

!

2WT WH

:

ð12Þ

U-subproblem: Updating U with other parameters X; W; H fixed leads to the following problem:

minbkX
U

WUk2F ;

s:t:;

U P 0:

ð13Þ

Similarly, optimize U according to the process of optimizing X, we adopt the following rule to update:

48

Information Sciences 572 (2021) 43–56

Q. Tian, L. Pan, W. Zhang et al.

U

WT X

U

!

WT WU

:

ð14Þ

The optimization workflow of our method is shown in Algorithm 2. The input of our model is the network G, the structural
similarity feature matrix S, the embedding dimension d, the structure categories r, the convergence coefficient d, and the balance parameters a and b. Firstly, randomly initialize X; U; W and H with a uniform distribution. Then, we update X; U; W and
H iteratively until convergence (Algorithm 2, Line 2–12). The output is the embedding matrix X for all nodes, the structural
similarity matrix S and auxiliary matrix U. Our model can learn representations of nodes by integrating the proximity and
structural features.
3.3. Complexity analysis
The whole computational complexity of our model depends on the matrix multiplication in the updating rules. As far as
we know, the computation of the matrix product AB is OðxyzÞ, where A 2 Rxy
and B 2 Ryz
þ
þ . The computation of updating

 

2
2
rules in (8), (10), (12) and (14) run in O n2 d þ nrd þ nd ; O nmr þ ndr þ nr 2 þ mr 2 þ dr ; O mnr þ nr 2 þ mr 2 and


2
O ndr þ nr 2 þ dr , respectively. Since generally m; r; d 6 n, the overall computation is O n2 m . In practice, most networks
are very sparse, hence only the non-zero values are computed in matrix multiplication. Based on this, the computation is
reduced to OðnemÞ, where e is the edge number in the network. We can find that the complexity of our model is the same
order of magnitude as most NMF-based algorithms.
Algorithm 2: Optimization of the objective function of LONE-NMF
Input: The network G, the structural similarity features matrix S, the embedding dimension d, the structural similarity
categories r, the convergence coefficient d, and the balance parameters a and b.
Output: X of size n  d, W of size n  r, U of size r  d,.
1: Initialize X; W; U;
2: while not conv do:
Li Li
Li 1

1

< d then

3:

if

4:
5:

conv
end if

6:

X

X

7:

W

W

8:

H

H

9:

U

U

true;




2AXþbWU
2XXT XþbX





T

;



aSH þbXUT
;
aWHHT þbWUUT


;
 T 
W X
;
WT WU
WT S
2WT WH

10:
compute loss function L using Eq. (2);
11: end while
12: return X; W; U.
4. Experiments
In this section, we conduct extensive experiments to evaluate our model. We first report the datasets and experimental
settings in this paper and then compare our method with popular competitive baselines to indicate the effectiveness of our
model. Finally, parameter sensitivity analysis and some case studies are given.
4.1. Datasets and experimental settings
We employ six real-world network datasets for sensitivity analysis with ground truth in our experiments. The statistical
characteristics of these networks are shown in Table 3 and the detailed information is introduced as follows.
 Polblog [44]: It is a political blogging network. The nodes represent the blogs of US politicians and the edges represent the
web links between blogs. According to the politicians to which these blogs belong, blogs are divided into two factions.
 Livejournal & Livejournal-L [45]: They come from the same network that is also a free online blogging network. The difference between them is the size. The nodes and edges represent the users who have registered and friendship between
them, respectively. The user-defined groups are treated as ground-truth communities.
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Table 3
The statistical characteristics of different networks.
Dataset

Nodes

Edges

Classes

Density

Polblog
Livejournal
Livejournal-L
Orkut
Amazon
Cornell

1490
516
11118
998
641
183

16627
15020
396461
23050
2091
280

2
5
26
6
10
5

0:022
0:113
0:006
0:046
0:010
0:015

 Orkut [45]: It is an online making friends network. The nodes represent the users and edges represent they are friends.
We regard groups formed spontaneously by users as ground-truth communities.
 Amazon [45]: It is an e-commerce network. The nodes are the products and if a product i is frequently co-purchased with
product j, there is an edge between them. The communities are product categories provided by Amazon.
 Cornell [46]: It is a citation network. The nodes represent webpages gathered from Cornell universities and the edges represent citation relationships between them. These webpages are classified into five classes.
The parameters of our model LONE-NMF include two hyperparameters a and b, the structure type r and embedding
dimension d. In the experiment, we set a and b 2 ½1; 101; r 2 ½1; 10; d ¼ 128. The details of parameter analysis are shown
in Section 4.5. In the process of extracting the structural feature matrix S recursively, we set the number of recursion to
2. Hence, the number of columns in the matrix S representing the features is m ¼ 168.
4.2. Baseline methods
To validate that our model can learn better representations of nodes, we compare it with two recent NMF-based methods
and four popular network embedding methods. We set the parameters in these methods to default values, which are listed as
follows.
 MNMF [8]: MNMF incorporates community structure by a modularity constraint term, at the same time, preserve the
first-order and second-order proximities to learn node embeddings. We set the dimension as 128, other parameters of
MNMF use the default values.
 DANMF [41]: DANMF integrates an encoder and a decoder component into NMF to learn node representations. All parameters of DANMF are the default values.
 DeepWalk [5]: Deepwalk, based on random walks, treats the random walk sequences of nodes as sentences in the language model. And then adopts skip-gram [21] to learn the representations of nodes. We use the default settings in the
experiments. The number of random walks for each node is 10, walk-length is 80 and the window size of the skipgram model is 8.
 Node2vec [22]: Node2vec is an extension of DeepWalk. The difference is that Node2vec uses a biased random walk,
which introduces two hyperparameters to control the random walk strategy. We set two hyperparameters p ¼ 1:0 and
q ¼ 1:0, respectively.
 LINE [12]: LINE preserves the first-order proximity and second-order proximity separately to obtain representations of
nodes. We set the negative ratio to 5.
 SDNE [13]: SDNE uses deep neural networks to optimize first-order and second-order proximity simultaneously. We also
adopt default settings, where the number of the neurons at each encoder layer is 1000 and the dimension of the output
node representations is 128.
 VGAE [47]: VGAE leverages GCN to construct a variational auto-encoder, and it reconstruct the adjacency matrix to capture proximity. We set the epoch to 200 and the dimension of node embedding is 128.
4.3. Node clustering
In this subsection, we evaluate the performance for node clustering based on typical metrics, namely, Normalized Mutual
Information (NMI) and accuracy. The range of these metrics is from 0 to 1 and a larger value indicates better performance. To
explore the influence of different structural features, we replace the feature matrix S with another method RoleSim [48]
(LONE-NMF-R), and degree matrix(LONE-NMF-D). For network embedding methods, we apply the standard k-means algorithm to obtain the clustering results. Since the initial value has a great influence on the clustering result, we repeat the clustering 10 times and compute the mean of them as the results. Tables 4 and 5 show the node clustering performance about
NMI and accuracy, respectively. In these tables, bold numbers represent the best results.
As we can see, LONE-NMF achieves the best performance among all network datasets on NMI and accuracy. Especially, on
the Orkut dataset, our method LONE-NMF achieves 36 percent improvement on NMI compared with the second-best
method. This benefits from the integration of structural features in our method, which can reveal the lower-order informa50
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tion of networks. DeepWalk and node2vec based on random walks can capture the second even higher-order proximities.
However, for bridge nodes that directly connected but not belong to the same community, they can not distinguish effectively. In additive, SDNE and LINE only preserve the microscopic structure of the network, which is incapable to effectively
capture community structure. DANMF only takes the adjacent matrix as input, which results in the absence of other constraints that affect the clustering effect. MNMF adds modularity term to learn the embedding of nodes. However, for the networks that are very sparse and their community structure is not obvious, the modularity constraint of NMF makes the
representation of nodes similar to each other, so it shows relatively low performance. The above results demonstrate the
superior power of providing structural similarity information to learn node embedding. Besides, LONE-NMF-D and LONENMF-R have batter performances than baselines on node clustering, but not as good as LONE-NMF. This proves the effectiveness of our feature matrix S.

4.4. Link prediction
In the link prediction task, given a network that is removed a portion of the edges proportionally, and we would like to
predict these missing edges. We randomly remove 50%; 40%; 30%; 20%; 10% edges as a test set for evaluation while ensuring
that the remaining network is connected, and use the remaining edges to learn the node representations respectively. In our
experiment, a typical metric named Area Under Curve (AUC) score is used to evaluate the performance of our model for link
prediction. Specifically, we take the results on Orkut and Amazon as examples under different portions of removing edges.
From Fig. 2, it can be found that our proposed method outperforms consistently all the baseline methods in the two datasets
in regardless of the removing portions of edges.
In addition, we take the results of 10% on all six datasets to further explore the performance of our method. From the
results in Table 6, we can conclude that our model achieves 13:6%; 12% and 26:6% improvements on Livejournal, Orkut
and Amazon, respectively. We notice that our method on Polblog dataset is next only to MNMF with superior predictive performance, hence it is still competitive. The reason may be that Polblog network has a high degree of community closeness,
the MNMF which integrates the community structure will perform better than our model without community information.
In general, our method could achieve superior performance in link prediction, which indicates the effectiveness of our LONENMF.

4.5. Parameter analysis
In this subsection, we analyze the effect of parameters a; b and r of LONE-NMF for clustering performance on the realworld networks, where r is the number of structure categories. Experiments show that different datasets show similar
trends, so we just utilize two datasets as examples.
We first evaluate the effects of a and b on Orkut and Cornell by fixing r at 5. As depicted in Fig. 3, we notice that from the
vertical-level, NMI does not change too much, which suggests the performances are relatively stable as a increases. However,
b has a heavy effect on the performance of clustering.
When testing the effect of r, we randomly select a ¼ 1; b ¼ 90 and vary r from 1 to 10 with an increment of 1. The results
of Orkut and Amazon are shown in Fig. 4(a). Since r ¼ 1 represents no structural difference, the performance is the worst. It
can be seen that NMI has a biggish increase when r from 3 to 4, which reflects four typical structures that are common for
most social networks. As the increment of r, the value of NMI is also increasing and gradually stable, which indicates a better
capacity of expression. We choose different r for different datasets to achieve high performance.
In addition, the effect of embedding dimensions d is shown in Fig. 4(b). Here, on Amazon and Livejournal, we fix other
parameters a ¼ 1; b ¼ 80; r ¼ 9 and vary d from 2 to 256. We notice that the NMI of both two datasets tends to be stable
when k > 32, which indicates the robustness of LONE-NMF to the embedding dimensions d.
Table 4
Performance evaluation based on NMI.
Dataset

Polblog

Livejournal

Livejournal-L

Orkut

Amazon

Cornell

MNMF
DANMF
DeepWalk
Node2vec
LINE
SDNE
VGAE
LONE-NMF-D
LONE-NMF-R

0:005
0:510
0:473
0:453
0:220
0:067
0:431
0:529
0:508

0:477
0:396
0:647
0:723
0:732
0:740
0:490
0:536
0:753

0:534
0:391
0:103
0:028
0:505
0:240
0:341
0:281
0:434

0:212
0:217
0:020
0:031
0:014
0:013
0:223
0:277
0:374

0:045
0:153
0:024
0:035
0:006
0:022
0:151
0:195
0:303

0:008
0:081
0:035
0:064
0:087
0:066
0:044
0:089
0:096

LONE-NMF

0:545

0:818

0:592

0:578

0:313

0:138
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Table 5
Accuracy of node clustering.
Dataset

Polblog

Livejournal

Livejournal-L

Orkut

Amazon

Cornell

MNMF
DANMF
DeepWalk
Node2vec
LINE
SDNE
VGAE
LONE-NMF-D
LONE-NMF-R

0:828
0:076
0:527
0:848
0:574
0:426
0:165
0:873
0:825

0:269
0:269
0:200
0:198
0:399
0:387
0:297
0:485
0:593

0:126
0:231
0:196
0:327
0:432
0:145
0:112
0:331
0:502

0:088
0:102
0:153
0:139
0:146
0:172
0:142
0:274
0:325

0:156
0:166
0:160
0:129
0:137
0:156
0:136
0:221
0:303

0:431
0:062
0:328
0:344
0:353
0:031
0:205
0:388
0:437

LONE-NMF

0.953

0.691

0:531

0:371

0:289

0:477

Fig. 2. Predictive performance w.r.t the ratio of training data.

Table 6
The AUC scores of different methods.
Dataset

Polblog

Livejournal

Livejournal-L

Orkut

Amazon

Cornell

MNMF
DANMF
DeepWalk
Node2vec
LINE
SDNE
VGAE

0:664
0:510
0:499
0:490
0:462
0:464
0:505

0:683
0:657
0:591
0:586
0:495
0:501
0:687

0:812
0:646
0:512
0:498
0:518
0:509
0:656

0:679
0:655
0:592
0:579
0:534
0:521
0:579

0:726
0:632
0:567
0:531
0:553
0:560
0:532

0:542
0:502
0:525
0:538
0:507
0:484
0:509

LONE-NMF

0:515

0:815

0:838

0:821

0:824

0:568

Fig. 3. The effect of a and b.
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Fig. 4. Parameter sensitivity analysis.

4.6. Visualization
Furthermore, we show the embeddings generated by our method and baselines in Fig. 5. The representations learned
from the models are mapped into a two-dimensional space, where the colors of nodes represent their labels. The closer
the nodes with the same color are, the better effect the models have. Here, the label is the community ground truth. It is
intuitive that our model has the best clustering performance.

Fig. 5. Visualization of node representations on the Livejournal network.
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Fig. 6. Clustering results on the Amazon network. The color represents the community and the node size represents its degree.

Fig. 7. Clustering results on part of the Amazon network.

4.7. Case study
In this subsection, we analyze a real-world network to verify the validity of LONE-NMF and the reason why our method
has better performance.
Fig. 6 shows the clustering results of LONE-NMF and DANMF on the Amazon network. As shown before, the clustering
performance of DANMF is the best among baseline methods, hence, we only compare LONE-NMF with DANMF.
To be more clearly understood, we select the part of Amazon as shown in Fig. 7. We notice that DANMF divides nodes that
should be the same class into multiple classes. DANMF adds an extra abstraction layer of the similarity between nodes in the
matrix factoring process. In essence, it merely captures the first-order topology of nodes, which can not fully represent the
community characteristics. LONE-NMF not only preserves this information, but also integrates additional lower-order information of nodes. For example, as depicted in Fig. 7, the degree of misclassified nodes (green and yellow nodes) are similar
and are all connected to the orange nodes with the same structural similarity category. By adjusting the parameters, LONENMF can balance the importance of first-order topology and structural similarity information, thus realizing the correct classification of them.
Although there are differences between our model and ground truth, on the whole, the co-purchased relationship for Ecommerce platforms is heavily influenced by attribute information. In the real world, getting attribute information is more
difficult than structure information. Results show that our model can learn better network embeddings for such imperfect
data.

5. Conclusion and future work
In this paper, we propose LONE-NMF, a novel NMF-based model for learning the embeddings of nodes in complex networks. We define the lower-order information and the model can preserve the structural similarity and structural features
simultaneously, which can model the nodes in a more unified and comprehensive manner. In the optimization phase, we
propose to adopt the alternating optimization algorithm to train the parameters in our model effectively. The extensive
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experimental results on node clustering, link prediction, visualization tasks and case study demonstrate that our method
could learn more effective embedding vectors of nodes.
In this work, we only focus on undirected and unweighted networks, but it would be interesting to explore preserving
more inherent characteristics in directed and weighted networks in the future. In addition, how to improve computational
efficiency while maintaining accuracy is an interesting topic.
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